Abstract. A higher dimensional analogue of Kodaira's canonical bundle formula is obtained. As applications, we prove that the logcanonical ring of a klt pair with 3 is nitely generated, and that there exists an eectively computable natural number M such that jMK X j induces the Iitaka bering for every algebraic threefold X with Kodaira dimension = 1.
Introduction
If f : X ! C is a minimal elliptic surface over C, then the relative canonical divisor K X=C is expressed as K X=C = f 3 L + X P m P 0 1 m P f 3 (P); (1) where L is a nef divisor on C and P runs over the set of points such that f 3 (P) is a multiple ber with multiplicity m P > 1. It is the key in the estimates on the plurigenera P n (X) that the coecients (m P 0 1)=m P are`close' to 1 [Kod] . Furthermore 12L is expressed as 12K X=C = f 3 j 3 O P (1) + 12 where Q is an integer 2 [0;12) and j : C ! P 1 is the j-function [F3, (2.9) ]. The computation of these coecients is based on the explicit classication of the singular bers of f, which made the generalization dicult.
We note that L in the exact analogue of the formula (1) for the case dimX=C = 2 need not be a divisor (Example 2.7) and that the formula (2) is more natural to look at if L is allowed to be a Q-divisor.
The higher dimensional analogue of the formula (2) is treated in Section 2 as a renement of [M, x5 Part II] and the log version in Section 4. We give the full formula only in 4.5 to avoid repetition. The estimates of the coecients are treated in 2.8, 3.1 and 4.5. (See 3.10 on the comparison of the formula (2) and our estimates.)
The following are some of the applications. 1. (Corollary 5.3) If (X;1) is a klt pair with (X; K X + 1) 3, then its log-canonical ring is nitely generated. 2. (Corollary 6.2) There exists an eectively computable natural number M such that jMK X j induces the Iitaka bering for every algebraic threefold X with Kodaira dimension (X) = 1.
Notation. Let Z >0 (resp. Z 0 ) be the set of positive (resp. nonnegative) integers. We work over C in this note. Let X be a normal variety and B; B 0 Q-divisors on X. If B 0 B 0 is eective, we write B B 0 or B 0 B. We write B B 0 if B 0 B 0 is a principal divisor on X (linear equivalence of Q-divisors).
Let B + ; B 0 be the eective Q-divisors on X without common irreducible components such that B + 0 B 0 = B. They are called the positive and the negative parts of B. Let f : X ! C be a surjective morphism. Let B h ; B v be the Qdivisors on X with B h + B v = B such that an irreducible component of Supp B is contained in Supp B h i it is mapped onto C. They are called the horizontal and the vertical parts of B over C. B is said to be horizontal (resp. vertical ) over C if B = B h (resp. B = B v ). The phrase \over C" might be suppressed if there is no danger of confusion.
We would like to thank Professors H. Clemens and J. Koll ar for helpful conversations and Professor K. Ohno for pointing out mistakes in an earlier version.
2. Semistable part of K X=C In this section, we rene the results of [M, x5, Part II] after putting the basic results together. 2.1. Let f : X ! C be a surjective morphism of a normal projective variety X of dimension n = m + l to a nonsingular projective l-fold C such that (i) X has only canonical singularities, and (ii) the generic ber F of f is a geometrically irreducible variety with Kodaira dimension (F) = 0. We x the smallest b 2 Z >0 such that the b-th plurigenus P b (F) is non-zero. (Viehweg) . Let : C 0 ! C be a nite surjective morphism from a nonsingular l-fold C 0 and let f 0 : X 0 ! C 0 be a nonsingular model of X 2 C C 0 ! C 0 . Then there is a natural relation L X 0 =C 0 3 L X=C : Furthermore if X 2 C C 0 has a semistable resolution over a neighborhood of a codimension 1 point P 0 of C 0 , or if X (P 0 ) has only canonical singularities, then P 0 6 2 Supp( 3 L X=C 0 L X 0 =C 0).
Proof. Except for the last assertion, this is due to [V, x3] (cf. [M, (4.10)] ). If X (P 0 ) has only canonical singularities, then X 2 C C 0 has only canonical singularities in a neighborhood of f 0 01 (P 0 ) by [St, Proposition 7] or [Ka4] because so does the generic ber F of f. Thus 2.4 follows. There exists an eective divisor 6 C such that every birational morphism : C 0 ! C from a nonsingular projective l-fold with 3 (6) an snc divisor has the following property: Let X 0 be a projective resolution of X 2 C C 0 and f 0 : X 0 ! C 0 the induced morphism. Then L ss X 0 =C 0 is nef.
Proof. When C 0 =C is Galois with group G, L X 0 =C 0 is G-invariant and therefore descends to a Q-subdivisor of L X=C . The minimum L ss X=C ( L X=C ) of all the descents exists by 2.4, whence the uniqueness follows.
The last assertion is proved in [M, x5, part II] though it is not explicitly stated there. In [M, (5.13) ], First our 6 is a divisor containing the discriminant locus of f and h constructed in the proof of [M, (5.15. 2)] (which is the same as h in our 2.6). Then [M, (5. 14.1)] shows that our L ss X=C =b is equal to P f 0 ;bc for suciently divisible c 2 Z >0 . Finally [M, (5.15. 3)] shows that P f 0 ;bc is nef. Remark 2.6. Under the notation of 2.1, consider the following construction. Since dimjbK F j = 0, there exists a Weil divisor W on X such that (i) W h is eective and f 3 O(iW h ) = O C for all i > 0, and (ii) bK X 0 W is a principal divisor ( ) for some non-zero rational function on X. Let s : Z ! X be the normalization of X in Q(X)( 1=b ). Then the above proof actually shows the following:
Fix resolutions X 0 and Z 0 of X and Z. Then as the divisor 6 C in 2.5, we can take an arbitrary eective divisor 6 C such that X 0 and Z 0 are smooth over C n 6. Example 2.7. Let F be a K3 surface with a free involution : F ! F so that E = F=f1; g is an Enriques surface. Let j : P 1 ! P 1 be the involution x 7 ! 0x, so that 0 and 1 are the only xed points. Let f : X = P 1 2 F=f1; j 2 g ! C = P 1 =f1; jg be the map induced by the rst projection. Then f is smooth over C n f0; 1g, and f 3 (0) = 2E 0 and f 3 (1) = 2E 1 , where E 0 ' E 1 ' E. Using K Et K X +E t j Et 6 0 for t = 0 and 1, one easily sees that K X=C f 3 O(1) and that L ss X=C = 1 2 (0) 0 1 2 (1). Thus L ss X=C is only a Q-divisor tting in the analogue of the formula (1):
The main part (i) of the following is included in 4.5.(v) (see also 4.7). We still leave it here for reference. where s P 2 Q for every codimension 1 point P of C such that (i) for each P , there exist u P ; v P 2 Z >0 such that 0 < v P bN and s P = (bNu P 0 v P )=(Nu P ), and (ii) s P = 0 if f 3 (P) has only canonical singularities or if X ! C has a semistable resolution in a neighborhood of P . In particular, s P depends only on fj f 01 (U) where U is an open set of C containing P .
The assertion (ii) is proved in 2.5.(ii).
Bounding the denominator
In applications, it is important to bound the denominator of L ss X=C .
Theorem 3.1. Let E ! F be the cover associated to the b-th root of the unique element of jbK F j. Let E be a nonsingular projective model of E and let B m be its m-th Betti number. Then there is a natural number N = N(B m ) depending only on B m such that NL ss X=C is a divisor.
Remark 3.2. We have N(x) = lcmfy 2 Z >0 j '(y) xg, where '(y) is Euler's function. 3.3. To prove 3.1, we can replace the base space C by a general hyperplane-section H and X by f 3 H. Repeating this procedure, we may assume that C is a curve in the rest of this section.
We use the construction given in 2.6, i.e. let W , s : Z ! X and h = f s : X ! C be as in 2.6. We note that the branch locus of s is contained in the singular locus of X and SuppW. Proof. Because of the denition 2.3, we may replace C with its base change and change the model X birationally. Hence we may assume that X is smooth and W h red + f 3 6 is a reduced snc divisor, where 6 is a reduced eective divisor of C such that f 01 (6) contains W v and f is smooth over C n 6. We may also assume that h : Z ! C has a semistable resolution h 0 : Z 0 ! C and that h is smooth over C n 6. Hence K X + W h red + f 3 6 is log-canonical and K Z + (s 01 W h ) red + h 3 6 = s 3 (K X + W h red + f 3 6) is also log-canonical (cf. [Kol, (20. 3)] for the explicit statement, which goes back to [R, x1] ). Hence for all n > 0 we have [M, (2.6 .ii)]. 3.6. Due to its birational invariance, h 0 3 O(K Z 0 =C 0) is G-linearized. Let P 0 2 C 0 and let G P 0 be the stabilizer. Then G P 0 acts on h 0 3 O(K Z 0 =C 0 ) C(P 0 ) through a character P 0 : G P 0 ! C 3 . Then NL ss Z=C is a divisor i N P 0 = 1 for all P 0 because O(NL ss Z=C ) should be ( 3 O(N 3 L ss Z=C )) G . We can now localize everything on neighborhoods of P = (P 0 ) and P 0 . Let e be the ramication index of at P 0 . Let z be a local coordinate for the germ (C; P) and z 0 = z 1=e for (C 0 ; P 0 ). We have a natural homomorphism G P 0 ! e = fx 2 C j x e = 1g. Let Q 0 2 C 0 be a point close to P 0 and Q = (Q 0 if m P = 1: Our estimates are the following. Since B 2 (F) = 2 and N(2) = 12, our 3.1 shows that 12L ss X=C is a Weil divisor and the estimates 2.8.(i) is compatible with the above.
4. Log-canonical bundle formula In this section, we give the log analogue of the semisatable part dened in Section 2 and give a log-canonical bundle formula. 4.1. Let f : X ! C be a surjective morphism of a normal projective variety X of dimension n = m + l to a nonsingular projective l-fold C such that (i) (X;1) is a sub klt pair (assumed klt from 4.4 and on), and (ii) the generic ber F of f is a geometrically irreducible variety with (F; (K X + 1)j F ) = 0. We x the smallest b 2 Z >0 such that the f 3 O X (b(K X + 1)) 6 = 0. The following is proved similarly to 2.2. We set s 1 P := b(1 0 t 1 P ), where t 1 P is the log-canonical threshold of f 3 P with respect to (X; 1 0 B 1 =b) over the generic point P of P : t 1 P := ft 2 R j (X;1 0 B 1 =b + tf 3 P ) is log-canonical over P g: Note that s 1 P 6 = 0 only for a nite number of codimension 1 points P because there exists a nonempty Zariski open set U C such that s 1 P = 0 for every prime divisor P with P \ U 6 = ;. We may simply write s P rather than s 1 P if there is no danger of confusion. We note that s 1 P depends only on fj f 01 (U) and 1j f 01 (U) where U is an open set containing P.
We will see in 4.7 that this coincides with s P introduced in 2.8. We set L ss (X;1)=C := L (X;1)=C 0 P P s 1 P P and call it the log-semistable part of K X=C (1). We may simply denote it by L log;ss X=C if there is no danger of confusion.
We note that D, L (X;1)=C , s 1 P , t 1 P and L ss (X;1)=C are birational invariants of (X; 1) over C in the following sense. Let (X 0 ; 1 0 ) be a projective sub klt pair and : X 0 ! X a birational morphism such that K X 0 + 1 0 0 3 (K X + 1) is an eective -exceptional Q-divisor. Then the above invariants for f and (X 0 ; 1 0 ) are equal to those for f and (X;1).
Putting the above symbols together, we have the log-canonical bundle formula for (X;1) over C:
where B 1 is a Q-divisor on X such that f 3 O X (biB 1 + c) = O C (8i > 0) and codim(f(SuppB 1 0 ) C) 2. We need to pass to a certain birational model f 0 : X 0 ! C 0 to understand the log-semistable part more clearly and to make the logcanonical bundle formula more useful. 4.4. From now on we assume that (X;1) is klt.
Let g : Y ! X be a log resolution of (X;1) with 2 a Q-divisor on Y such that K Y + 2 = g 3 (K X + 1). Let 6 C be an eective divisor satisfying the following conditions;
1. h := f g is smooth and Supp 2 h is relatively normal crossing over C n 6, 2. h(Supp 2 v ) 6, and 3. f is at over C n 6. Let : C 0 ! C be a birational morphism from a nonsingular projective variety such that (i) 6 0 := 01 (6) is an snc divisor, (ii) induces an isomorphism C 0 n 6 0 = C n 6, and (iii) the irreducible component X 1 of X 2 C C 0 dominating C 0 is at over C 0 . Let X 0 be the normalization of X 1 , and f 0 : X 0 ! C 0 the induced morphism. Let g 0 : Y 0 ! X 0 be a log resolution such that Y 0 nh 0 01 (6 0 ) = Y 2 X X 1 n 01 (6 0 ), where h 0 := f 0 g 0 and : Y 2 X X 1 ! C 0 (see [Sz, Resolution Lemma] or [BM, Theorem 12.4] ). Let 2 0 be the Qdivisor on Y 0 such that K Y 0 + 2 0 = ( g 0 ) 3 (K X + 1), where : X 0 ! X is the induced morphism. Furthermore, we can assume that Supp(h 0 01 (6 0 ) [ 2 0 ) is an snc divisor, and h 0 (Supp(2 0 ) v ) 6 0 .
Later we treat horizontal or vertical divisors on X; X 0 or Y 0 over C without referring to C. Note that a Q-divisor on X 0 or Y 0 is horizontal (resp. vertical) over C i it is horizontal (resp. vertical) over C 0 .
We note that the horizontal part (2 0 ) 
The following formula is the main theorem of this section. Thus (iii) is settled. The property (iv) will be settled by 4.8, and (v) at the end of this section. Then it is easy to see that B 4 = B 2 0 +bA0 P P (h 0 ) 3 P and P s 4 P P = P (s 2 0 P + P )P. Proof. First, B 0 = B and L (X;0)=C L X=C are obvious because the denitions for X and (X; 0) coincide. During the proof, we will denote B by B X to avoid confusion. Since L ss X=C = L X=C 0 P s P P and L ss (X;0)=C = L (X;0)=C 0 P s 0 P P , it is enough to show s 0 P = s P . Let 6 C be the reduced divisor given in 4.4. Then s 0 P = s P = 0 for P 6 6 by 2.8 and 4.3. Thus it is sucient to prove s 0 P = s P for every P 6. Replacing C by a general hyperplane-section H, 6 by 6 \ H and X by f 3 H, we can further assume that C is a curve. Note that we are free to enlarge 6. Let t P := 1 0 s P =b for all P . Then we have the following equality. Enlarging 6, we may assume that is etale on C 0 n 6 0 , where 6 0 := 01 (6). In particular, s P 0 = 0 for P 0 2 6 0 by 2.8.(ii), and the formula (4) Since t 0 P = 1 0 s 0 P =b by 4.3, it is enough to prove t P = t 0 P , the logcanonical threshold of f 3 P with respect to (X;0B X =b). Since is nite and dominating, it is enough to prove that the right hand side of the formula (6) is sub lc and not sub klt on a neighborhood U P 0 of (f 0 ) 01 (P 0 ) for every P 0 2 6 0 (see [Kol, (20. 3)]).
Indeed, the right hand side is sub lc by the semistable resolution of f 0 and not sub klt on U P 0 by B X 0 6 (f 0 ) 01 (P 0 ). We recall Kawamata's positivity theorem [Ka3, Theorem 2] for the reader's convenience (see also [Fj] ). (1) g : Supp(D h ) ! T is relatively normal crossing over T n Q, and (ii) In [Ka3, Theorem 2], it is assumed that d j < 1 for all P j . However, the assumption that d j < 1 for vertical P j was not used in the proof (see the proof of [Ka3, Theorem 2] ).
We start with a lemma to prove 4.5.(v). where the rst relation follows from 4 0 and the denitions of 6 0 and t 4 P , and the second from the log-canonical bundle formula and the relation s 4 P =b + t 4 P = 1 for all P. Proof of 4.5.(v) (7) Let D P and B v P be the parts of D and B v lying over P . Let (h 0 ) 3 P = P k a k F k be the irreducible decomposition. Then D P 0 NB v P = Ns P (h 0 ) 3 P and Supp(D P 0Ns P (h 0 ) 3 P ) 6 F c for some c by the denition of B v P . In particular Ns P a c 2 Z. Furthermore, comparing the coecients of F c in the formula (7), we obtain Ns P a c +bN bNa c , that is, Na c s P bN(a C 0 1). Since (Y 0 ; 4) is klt, we have t P > 0 and hence s P < b. Hence u P := a c works.
5. Log-canonical rings In this section, we consider an application of the log-canonical bundle formula 4.5 to the log-canonical ring of a pair (X;1): R(X; K X + 1) = 8 i0 H 0 (X;biK X + i1c): We recall a well-known proposition on graded rings. Proposition 5.1. Let R = 8 i0 R i be a graded integral domain with degree i part R i such that R 0 = C. For m 2 Z >0 , let R (m) := 8 i0 R im be the graded ring whose degree i part is R im . Then R is nitely generated over R 0 i so is R (m) over R 0 .
Sketch of the proof. If R is nitely generated, we can let Z=(m) act on R so that R (m) is the invariant part. Hence R (m) is nitely generated. If R (m) is nitely generated, then R is contained in the integral closure of R (m) in the quotient eld of R. Hence R is a nite R (m) -module and thus nitely generated. Theorem 5.2. Let (X;1) be a proper klt pair with (X; K X + 1) = l 0. Then there exist an l-dimensional klt pair (C 0 ; 1 0 ) with (C 0 ; K C 0 + 1 0 ) = l, two e; e 0 2 Z >0 and an isomorphism R(X; K X + 1) (e) = R(C 0 ; K C 0 + 1 0 ) (e 0 ) of graded rings. Proof. Let f : X 99K C be the Iitaka bering with respect to K X + 1. By replacing X and C, we assume that the following conditions hold, 1. X and C are projective smooth varieties and f : X ! C is a proper surjective morphism with connected bers, 2. Supp 1 is an snc divisor and b1c = 0, and 3. there exists an eective divisor 6 C such that f is smooth and Supp 1 h is relatively normal crossing over C n 6 and such that f(Supp(1 v )) 6. Note that adding eective exceptional Q-divisors does not change the log-canonical ring.
We use the same notation as 4. 
Thus we can take e = (a + a")b, e 0 = ab and 1 0 = P P (s P =b)P + ("=b)G + (=b)H.
The following corollary contains a generalization of Moriwaki's result [Mw1, Theorem (3.1) ].
Corollary 5.3. Let (X;1) be a proper klt pair such that (X; K X + 1) 3. Then the log-canonical ring of (X;1) is nitely generated. Proof. By 5.1 and 5.2, our problem is reduced to the case dimX = (X; K X + 1) 3. The case dimX = 2 is settled by [F2, (1.5) ] and the case dim X = 3 by [KeMM, Corollary] .
The following theorem is a generalization of [N, Corollary] and [Mw2, (3.7 ) Proposition]. Theorem 5.4. Let (X;1) be a proper klt pair. Assume that the logcanonical ring R(X; K X + 1) is nitely generated. Then there exists an eective Q-divisor 4 on S := Proj R(X; K X + 1) such that (S;4) is klt. Especially, S has only rational singularities.
Proof. By 5.2, we can assume that dimX = (X; K X +1). By changing the model birationally, we can further assume that X is nonsingular and 1 is an snc divisor. Then it is settled by [Mw2, (3 
6. Pluricanonical systems Theorem 6.1. For arbitrary b; k 2 Z >0 , there exists an eectively computable natural number M = M(b; k) with the following property.
Let X be a nonsingular projective variety of dimension m + 1 and Kodaira dimension (X) = 1, C a nonsingular projective curve and f : X ! C a surjective morphism with connected bers. Assume that its generic ber F has (F ) = 0, P b (F) = 1 and the m-th Betti number B m (F) k. Then jM(b; k)K X j induces the rational map f : X 99K C.
Since one can change the smooth model birationally so that B 2 (F) 22 and j12K F j 6 = ; for threefolds X, we need no extra conditions for 3-folds.
Corollary 6.2. There exists an eectively computable natural number M such that, for every algebraic 3-fold X with Kodaira dimension (X) = 1, jMK X j induces the Iitaka bering of X. Proof of 6.1. By 2.3 and 2.8, we have the following for all n 0.
H 0 (X;nbK X ) = H 0 (C;bn(bK C + L ss X=C + X P s P P )c):
We note that deg(bK C + L ss X=C ) + P P s P > 0 by (X) = 1. Let g be the genus of C and let N = N(k). We treat the problem in 3 cases.
Case 1 (g 2). Setting n = iN in the above, we obtain the divisor iNbK C + iNL ss X=C + biNb( X P s P P )c on C. We note that NL ss X=C is nef Cartier divisor by 2.5 and 3.1 and that biNb( P P s P P )c 0 by 2.8. Hence the divisor is very ample if iNb 3 because deg 3deg K C 2g + 1. So M(b; k) = 3Nb works. Case 2 (g = 1). We have deg L ss X=C + P P s P > 0. It is enough to nd one i 2 Z >0 such that the divisor biN(L ss X=C + P P s P P )c has deg 3, because such a divisor is very ample on C. Hence this case is reduced to 6.3 with a = 0 and c = bN. Case 3 (g = 0). We have deg(bK C + L ss X=C ) + P P s P > 0 and need to one i 2 Z >0 such that degbiN(L ss X=C + P P s P P )c 0 2biN > 0. Thus this case is again reduced to 6.3 with a = 2bN and c = bN.
Thus it remains to prove the following. Then there exists n = n(a; c) 2 Z >0 such that f(n; ) for all 2 S(a; c) and 2 Z >0 . Proof. We note that f(nm; ) mf(n; ) for n; m 2 Z >0 . Hence it is enough to get f(n; ) 1. 
